Math 150, Lecture Notes- Bonds Name

Section 2.6 Related Rates

Finding Related Rates

You have seen how the Chain Rule can be used to find dy/dx implicitly. Another
important use of the Chain Rule is to find the rates of change of two or more related
variables that are changing with respect to time.

For example, when water is drained out of a conical tank (see Figure 2.33), the
volume V, the radius r, and the height & of the water level are all functions of time .
Knowing that these variables are related by the equation
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you can differentiate implicitly with respect to 7 to obtain the related-rate equation
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From this equation you can see that the rate of change of V is related to the rates of
change of both # and r.
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EXPLORATION

Finding a Related Rate In the conical tank shown in Figure 2.33, suppose that
the height of the water level is changing at a rate of —0.2 foot per minute and
the radius is changing at a rate of —0.1 foot per minute. What is the rate of
change in the volume when the radius is » = 1 foot and the height is & = 2 feet?
Does the rate of change in the volume depend on the values of » and 4? Explain.




Guidelines For Solving Related-Rate Problems

1. Identify all given quantities and quantities to be determined. Make a sketch
and label the quantities.

2. Write an equation involving the variables whose rates of change either are
given or are to be determined.

3. Using the Chain Rule, implicitly differentiate both sides of the equation with
respect to time t.

4. After completing Step 3, substitute into the resulting equation all known
values for the variables and their rates of change. Then solve for the required
rate of change.

The table below lists examples of mathematical models involving rates of change.
For instance, the rate of change in the first example is the velocity of a car.

Verbal Statement Mathematical Model

x = distance traveled

@=50Whent=l
dt

The velocity of a car after traveling for 1 hour
is 50 miles per hour.

Water is being pumped into a swimming pool ZV: volume of water in pool

at a rate of 10 cubic meters per hour. i 10 m3/hr

0 = angle of revolution

cji—f = 25(27) rad/min

A gear is revolving at a rate of 25 revolutions
per minute (1 revolution = 27 rad).

dx
t

Ex.1 Assume that X and Y are differentiable functions of f . Find the required values of d_

and d—y Given X2+ ]/2 =25,
dt
dx

(a) ﬁnd% when E:& X =23 and y=4.



Ex.1

(b) find — dx When ——2 X=4 and y= 3.

dt dt

Ex.2
Volume The radius r of a sphere is increasing at a rate of

3 inches per minute.

(a) Find the rates of change of the volume when r» = 9 inches
and r = 36 inches.

(b) Explain why the rate of change of the volume of the sphere
is not constant even though dr/dr is constant.



Ex.3
Volume All edges of a cube are expanding at a rate of
6 centimeters per second. How fast is the volume changing
when each edge 1s (a) 2 centimeters and (b) 10 centimeters?



Ex.4

Depth A conical tank (with vertex down) is 10 feet across the
top and 12 feet deep. If water is flowing into the tank at a rate

of 10 cubic feet per minute, find the rate of change of the depth
of the water when the water is 8 feet deep.



Ex.5

Moving Ladder A ladder 25 feet long is leaning against the
wall of a house (see figure). The base of the ladder is pulled
away from the wall at a rate of 2 feet per second.

(a) How fast is the top of the ladder moving down the wall
when its base is 7 feet, 15 feet, and 24 feet from the wall?

(b) Consider the triangle formed by the side of the house, the
ladder, and the ground. Find the rate at which the area of
the triangle is changing when the base of the ladder is 7 feet
from the wall.

(¢) Find the rate at which the angle between the ladder and the
wall of the house is changing when the base of the ladder is
7 feet from the wall.



Ex.5 — cont’d



Ex.6

Air Traffic Control An airplane is flying at an altitude of
5 miles and passes directly over a radar antenna (see figure).
When the plane is 10 miles away (s = 10), the radar detects

that the distance s is changing at a rate of 240 miles per hour.
What is the speed of the plane?



Ex.7

Shadow Length A man 6 feet tall walks at a rate of 5 feet per
second away from a light that is 15 feet above the ground (see
figure). When he is 10 feet from the base of the light,

(a) at what rate is the tip of his shadow moving?
(b) at what rate is the length of his shadow changing?



Ex.8

Angle of Elevation A balloon rises at a rate of 4 meters per
second from a point on the ground 50 meters from an observer.
Find the rate of change of the angle of elevation of the balloon

from the observer when the balloon is 50 meters above the
ground.



